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1. INTRODUCTION
 In the paper of Bloch et al. BMS , they studied the relationship between
the number of generators of height two ideals I in polynomial rings
 FR k X , . . . , X over an algebraically closed field k and various prop-1 n
2Ž .erties of the dualizing module   Ext A, R and the module of differ-I
entials  , where A RI is smooth.A
 In this paper we extend some of these results in BMS to ideals I in
 polynomial rings R R X over smooth algebras R over algebraically
closed fields, where I contains a monic polynomial.
One of the main results is as follows:
THEOREM 1.1. Let R be an affine algebra of dimension three and let
 R R X be a polynomial ring oer R. Let I be a locally complete
intersection ideal of height two which contains a monic polynomial and let
2Ž . r Ext A, R where A RI. Suppose that  is generated by two
elements, for some integer r 1. Then I is a set-theoretic complete intersec-
tion.
In this paper A, R, and R will always denote affine algebras over an
algebraically closed field k. The Grothendieck group of finitely generated
Ž .projective modules over a commutative ring A will be denoted by K A .0
2. THE MAIN RESULTS
In this section we state and prove our main results.
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The following lemma is the monic polynomial version of a theorem of
Ferrand and Szpiro.
 LEMMA 2.1. Let A be a commutatie noetherian ring and let R A X
be the polynomial ring. Let I be a locally complete intersection ideal of height
two with a monic polynomial in I. Suppose that there is a surjectie map
II 2   Ext2 RI , R .Ž .I
Then I is set-theoretically generated by two elements.
Proof. By the standard argument of Ferrand and Szpiro there is a
' 'locally complete intersection ideal J with J I and there is an exact
sequence
0 R P J 0.
It follows that P is a projective R-module of rank 2. Since J contains a
monic polynomial, we have P  R2. Hence by the theorem of Quillen andf f
Suslin, it follows that P R2 and hence J is complete intersection ideal.
THEOREM 2.1. Suppose that R is an affine algebra, of dimension three
  Žoer an algebraically closed field and that R R X is a polynomial ring of
.dimension four . Let I be a locally complete intersection ideal of height two
2Ž .that contains a monic polynomial. Let A RI and    Ext A, R .I
Then
1. II 2 A 	1.
2. Consider the following conditions:
Ž .a  is generated by two elements.
Ž . 2 	2b II    .
Ž . 	2c  is generated by two elements.
Ž . Ž . Ž .Then a  b  c .
Proof. We have an exact sequence
0 P Rn I 0.
Ž .It follows that P is a projective module. We can assume that rank P 
dim R. Since I has a monic polynomial P  Rn	1 is free. Hence P Rn	1j f
is free by the theorem of Quillen and Suslin. By tensoring with A, we get
an exact sequence
0 L An	1 An II 2 0
 2      Ž .where L is a line bundle. So, we have II  L 
 A in K A . By0
Ž   .the cancellation theorem of Murthy and Swan MS or see S , we have
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II 2 L A. Now, it also follows that L2II 2 	1. This com-
Ž .pletes the proof of 1 .
Now we prove the second statement:
Ž . Ž . Ž . 2 2 	1a  b . By 1 we have II   A and also A    .
So,
II 2 A A 	1  A 	1 A2 	1  	1Ž . Ž .
  	1 A2   	1  	1   A	2 .Ž . Ž .
Thus, by Suslin’s cancellation theorem we have II 2  	2 .
Ž . Ž . Ž . Ž .b  c . By 1 and b it follows that
A 	1  	2 .
By dualizing we get
A  
1  2 .
Ž .Now add A to both sides and use 1 again:
A2  A 	1   2 II 2  2  	2   2 .Ž . Ž .
By canceling  we get A2 	2  2. So,  2 is generated by two
elements.
  Ž .THEOREM 2.2. Let R R X , I, A, and  be as aboe so dim R 4 .
Suppose that  r is generated by two elements, for some integer r 1. Then I
is a set-theoretic complete intersection.
Proof. By the above theorem we have II 2 A 	1. So, we have an
exact sequence
f
2 	10 A II    0,
where f I. So, I Rf
 I
 I 2, where I 2 I I is an ideal and
II 2 	1. Write J I r
 Rf. We will see that J is a locally complete
Ž . Ž .intersection ideal. For  Spec R containing I, let I  f , g , where
	1 Ž . r Ž r .the image of g generates  . So, J  f , g 
 R f. Hence J  g , f  
is a complete intersection.
Let L be the cokernel of the map
f
2AJ JJ .
Ž r .Since locally J is generated by f , g , as in the above paragraph, we have
L locally generated by one element. So, L is a line bundle. Also, since
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JJ 2 AJ 	1 we have L 	1. So, we haveJ J
2 Ž . 	11. JJ  RJ f  .J
	1 Ž 2 .2.   J J 
 Rf .J
By tensoring the sequence
f
2 	10 AJ JJ    0J
we get
f
	10 AI JIJ   AI 0J
So,
	1 AI J IJ , f  I r , f  I r
1 , f  	r ,Ž . Ž . Ž .J I
which is two generated. So, 	1 is also two generated. Hence A2 	1J J
Ž . Ž .  . Since 2 a  2 b , there is a surjective mapJ
JJ 2  .J
Now it follows from the monic polynomial version of the theorem of
Ferrand and Szpiro that J is set theoretically generated by two elements.
This completes the proof of this theorem.
THEOREM 2.3. Let k be the algebraic closure of a finite field and let R be
 an affine algebra oer k with dim R 3. Let R R X be the polynomial
ring oer R. Suppose that I is a locally complete intersection ideal of height
two in R. Assume that I contains a monic polynomial. Then I is a set-theoretic
complete intersection.
2Ž .Proof. Let  Ext RI, R . Then it follows from the following lemma
that  r is two generated. Hence by the above theorem I is a set-theoretic
complete intersection.
Ž  .LEMMA 2.2 Bloch et al. BMS . Let k be an algebraic extension of a
prime field F . Let R be an affine algebra oer k with dim R n. Let L be ap
projectie module of rank one oer R. Then Lr is generated by n elements for
some integer r 0.
Proof. We include the proof for completeness. First, we assume that
Ždim R n 1. Since the data are finite, we can assume that k is finite a
.little care is necessary to make sure that dimension is preserved . Now let
R be the integral closure of R in the total quotient ring and let C be the
Ž . Ž  .conductor. We have that Pic R is finite see We . We have the exact
sequence
units RC  Pic R  Pic R .Ž . Ž . Ž .
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Ž . rSo, it follows that Pic R is finite and hence L  R for some r 0.
Thus, Lr is one generated.
Now assume that n 1 and use induction. We can assume that R is
reduced and connected. So, L I is an invertible ideal. So, II 2 is a line
Ž 2 .r r r
1 Ž .bundle over RI and by induction II  I I is dim RI  n	
Ž r 2 r . Ž r . Ž  .1 generated. Thus,  I I  n	 1 and  I  n see MK . This
completes the proof of the lemma.
 THEOREM 2.4. Let k be an algebraically closed field and let R R X
be the polynomial ring oer an affine algebra R oer k. Assume that
dim R n. Suppose that I is a locally complete intersection ideal of height
2Ž .two. Assume that I contains a monic polynomial. Write  Ext RI, R .
Then the following conditions are equialent:
1. I is generated by n	 1 elements.
2. II 2 is generated by n	 1 elements.
3.  is generated by n	 2 elements.
Ž . Ž .Proof. 1  2 This is obvious.
Ž . Ž .2  3 We have the exact sequence
0 P Rm I 0.
Since I has projective dimension 1, P is projective. We can also assume
Ž . m	1that rank P  dim R. Since I has a monic polynomial, we have P  Rf f
for some monic polynomial f I. So, by the theorem of Quillen and
Suslin, P Rm	1.
By tensoring the above sequence with A RI, we get the exact
sequence
0 L Am	1 Am II 2 0.
It follows that
L2II 2 	1 .
 2   	1  2So, II    A . Since II is generated by n	 1 elements, there
is a surjective map An
1	k 	1 Ak
1.
Therefore,
Q 	1 Ak
1 An	1
k .
Since dim A n	 2, by Suslin’s cancellation theorem we get An	2Q
 	1. By dualizing this equality, we get that  is generated by n	 2
elements.
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Ž . Ž . Ž3  1 Since  is n	 2 generated, by the argument of Serre see
 .Mu , there is an exact sequence
0 Rn	2 P I 0.
Since I has a monic polynomial, we have that P is free for some monicf
polynomial f. So, by the theorem of Quillen and Suslin, P Rn	1. So, I is
generated by n	 1 elements.
THEOREM 2.5. Let R be a smooth affine algebra, with dim R n	 1,
oer an algebraically closed field k, with triial differential module  R k
n	1  R . Let R R X be the polynomial ring. Let I be an ideal of R so that
A RI is smooth and let I contain a monic polynomial. Then the following
conditions are equialent:
Ž .1 I Is generated by n	 1 elements.
Ž . 22 II is generated by n	 1 elements.
Ž .3  has a free direct summand.A k
Ž . Ž .Proof. 1  2 Obvious.
Ž . Ž .2  3 Consider the sequence
 II 2 I   0.R k R k A k
The sequence is exact. Also note that
   R RdX Rn .R k R k
2 n Ž . 2 n	1So, it follows that II   A . By 2 , we have II Q A .A k
Ž .      So, in K A , we have A 
 Q   . By Suslin’s cancellation0 A k
theorem, we have   AQ.A k
Ž . Ž . 2 n3  2 We have   A P and II   A . So,A k A k
II 2 A P An .
By Suslin’s cancellation theorem it follows that
II 2 P An	1.
Ž . Ž . Ž .  2  1 If n	 1 dim A 
 2, then it follows from Ma that I is
Ž . Ž .n	 1 generated. The other two cases are dim A  n	 2 and dim A 
Ž . Ž .n	 1. In case dim A  n	 2, we have height I  2 and it follows from
Ž .the above theorem that I is n	 1 generated. If dim A  n	 1, we have
that I is an invertible ideal and since I has a monic polynomial I is a
principal ideal.
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